Abstract Upstream differencing for multiphase flow in reservoir simulation is analyzed. The associated numerical flux is shown to be well defined, monotone, Lipschitz-continuous, and consistent. In the case of a two-phase flow the corresponding numerical scheme is convergent and the numerical flux is compared to that of Godunov and Engquist-Osher. Finally, a simple way to obtain a higher-order scheme is outlined.
It is also very popular for the simulation of multiphase flow in petroleum reservoirs [8] , but there it denotes a numerical scheme which is different from those used in classical CFD and which is obtained from simple physical considerations. In the case of incompressible two-phase flow this scheme has already been studied and cast into the general frame of monotone finite-difference schemes [10] . In this paper we show that the calculation of the multiphase upstream weighted numerical fluxes is well defined even in the case of more than two phases, and we study the properties of these fluxes. In the case of two-phase flow, convergence results are stated as in [10] and the two-phase upstream weighted numerical fluxes is well defined even in the case of more than two phases, and we study the properties of these fluxes. In the case of two-phase flow, convergence results are stated as in [10] and the two-phase upstream weighted numerical flux is compared to standard ones used in classical CFD. Finally we present a simple way to design higher-order methods which would require a minimal amount of change in existing programs actually used in reservoir simulation.
We consider n-immiscible fluids flowing in a one-dimensional medium. We neglect capillary effects, so a unique pressure p is defined for the multiphase flow. Also we assume that the phases are incompressible. For the fluid , 1 =< -<_ n, we denote by Se the saturation, pe the density, ke the mobility, and qe the flow rate. Then the flow is governed by the following equations derived from mass conservation and Darcy's law:
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YANN BRENIER AND JIROME JAFFRI For each phase g the mobility ke is a function of S ($1,'", Sn), which is assumed to be increasing with the saturation Se. This hypothesis, which is crucial to this work, is physically realistic [8] .
Introduce the total flow rate q Ye q and sum equations (1.1). As Y Se 1, the incompressibility condition can now be written as Oq/Ox =0, which implies that the total flow rate q is constant with respect to the space variable.
To express q in terms of q instead of p, we sum equations (1.2) 
where q is given by some boundary condition.
In reservoir simulation such a system of equations is usually discretized as follows [8] . Denote xi+l/2, i7/, the discretization points in space, and S,i(t) the constant value of the approximate saturation on the interval (xi-1/z,xi+l/2) with hi -xi+l/2. Leaving out time discretization, (1.3), (1.4) In practice the calculation of mobilities is usually part of an iterative process and it is made explicit by using the phase flow rates of step k to calculate the mobilities of step k + 1. However, our first task is to show that explicit formulas can be derived for the multiphase upstream weighted numerical fluxes; this is done by ordering the phases with increasing weights ( 2) . Then we give some regularity properties of these numerical fluxes ( 3) . In the case of two-phase flow these properties imply convergence of the associated numerical scheme, and the two-phase upstream weighted numerical flux is compared with that of Godunov and of Engquist-Osher ( 4) . Finally we present a higher-order method which preserves the calculation of numerical fluxes, thus minimizing the amount of work necessary to modify programs actually used in reservoir simulation ( 5 Proof Since ge gj for j , we have
and since g_ g for j g-1, we can also write
Since the mobilities k and the absolute permeabilities K are positive quantities, by using (2.3) we obtain 0e-0e--1 0. Introduce now the integer r {0,..., n + 1} such that 0 if0e>0forl{n, (2.5) r largest { such that 0e0 otherwise. This definition makes sense since the 0e's form an increasing sequence. First let us assume that the mobilities are calculated with (2.6). Then
On the other hand, since gs g. for j {, 0s defined in (2.4) can be written in two ways: Proof It is clear that the numerical fluxes are piecewise regular functions, and that where they are regular they have the same regularity as the mobilities k. However, a priori, they could be discontinuous along the curves 0(a, b)= 0. These curves can touch each other but cannot cross each other since the sequence 0(a, b) is increasing with (see Lemma 2.1) .
Let us consider such a curve, say { m,
Such a curve divides the cube [0, 112" into two parts" The case g> r is solved analogously.
We terminate this section by giving consistency propegies for the upstream weighted numerical fluxes. This property is obvious from the definition of the numerical fluxes. 4 . The ease of two-phase flow. When considering only two phases (n 2), the system of conservation laws reduces to one scalar conservation law to which we can apply the general theory of approximation of scalar nonlinear conservations laws.
The two-phase model can be written as .7) k',i+l/2 kl(S'+l) and k,i+l/2 k2(S') if 01--<0--< 02.
From Theorems 3.1-3.3, we can apply a general theorem on convergence of monotone schemes [7] , [3] . This CFL condition has been written out by Sammon [10] . A nonuniform spatial mesh version of this theorem could be derived from [11] .
Equations (4.4), (4.5), or equivalently (4.4), (4.6), (4.7), define a numerical flux for functions of the particular form (4.2) with kl decreasing and k 2 increasing. Therefore, it is of some interest to compare this numerical flux to others widely used in fields other than reservoir simulations, such as Godunov's [5] and Engquist and Osher's [4] numerical fluxes.
Sticking to the notation of 3, the latter numerical flux functions are, respectively, These flux functions can be compared with respect to their regularity. Theorem 3.1 and Remark 3.1 tell us that the upstream weighted and Godunov flux functions have the same regularity (Lipschitz-continuity) while the Engquist-Osher function is more regular (Cl-continuity).
The three flux functions can be also compared with respect to the amount of viscosity present in the associated monotone conservative scheme, and this amount can be measured in terms of the viscosity coefficient [12] :
The Godunov viscosity coefficient is the smallest possible to ensure convergence of the associated monotone numerical scheme. Therefore the two-phase upstream weighted and Engquist-Osher viscosity coefficients are larger and we are left with the problem to compare them. If we assume that 0-< r/1 -< 01 =< 02 <-r/2. Then, on one hand, from (4.12), we obtain FtW(a, b)= f(a). On the other hand, since kl is decreasing and k2 increasing, we have
Moreover, since the function q+ K(gl-g)k is monotone and positive at the end However, for other cases, we can show that there is no general ordering of the upstream weighted and Engquist-Osher flux functions. Whether one is larger than the other depends on the situation. Indeed, assume q 0 so that klk2 f= K (g2 gl) kl + k2' and assume we are in the situation described in Fig. 1, where f is concave on (a, b) and maximum at a point w such that a < w < b. On one hand, from (4.12) we obtain kl(b)k2 ( Precisely, the saturation of the phase { in the interval ]Xi_l/2, Xi+l/2[ is now defined by its average value Se, and its slope o'e,i, { 1,. , n. Starting from a finite-difference piecewise constant approximation ST,i, the method has two steps. The first step constructs the slopes cr,i in a way that prevents oscillations and the second step calculates the updated piecewise constant values S, -1.
Step 1: construction of the slopes. where the approximate flow rate of the phase { (4)7,i+1/2 is given in (1.6) with the mobilities defined in (1.7) or explicitly as in 2. However, the saturation used to calculate the mobilities at xi+/2 are now the two limit values of the piecewise linear saturation at this point instead of the midpoint values.
Such a scheme can be justified along the lines of [9] in the case of two-phase flow (scalar case). It can be extended to multidimensional calculations through dimensional splitting or as a genuinely multidimensional scheme [1] , [2] . 6 . Conclusion. Upstream weighting for multiphase flow in reservoir simulation, although usually defined implicitly through simple physical considerations, can be expressed explicitly with a simple algorithm. The associate numerical fluxes have been shown to be Lipschitz-continuous (but no more), monotone, and consistent. In the case of two-phase flow, convergence follows, and the two-phase upstream weighted numerical flux has been compared to Godunov's and Engquist-Osher's. It generates, of course, more viscosity than Godunov's, but with respect to Engquist-Osher's it depends on the situation whether it is so or not. Finally we showed how to design more accurate schemes while preserving the multiphase upstream weighted numerical fluxo
